We study the formation of inhomogeneous waves at the interface between two lossy metamaterials. We show that negative refraction can be interpreted as the formation of an inhomogeneous wave with the obtuse angle between equiamplitude and equiphase planes. Moreover, we find the criterion of negative refraction that takes into account the inhomogeneity of the transmitted waves. We show that for plane-parallel interfaces this criterion is equivalent to the recently reported one that demand negative permittivity and permeability. However, in a more complicated situations, such as a tilted interface between two lossy media, the criterion of negative refraction becomes dependent on an incident angle. In particular, we show that negative refraction can be realized in conventional lossy materials if their interfaces are properly oriented.
I. INTRODUCTION
Optical metamaterials are artificially structured materials that consist of nanoscale inclusions with the size smaller than the wavelength of incident light. They are a promising tool to control light in a variety of different applications such as optical antennas, superlensing, and optical cloaking.
1 One of the most interesting types of optical metamaterials is negative-index metamaterials. 1 Negative refraction in this type of metamaterials was demonstrated in a variety of experiments at different wavelengths.
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One of the inevitable properties of almost all existing metamaterials is their high absorption. From many standard textbooks (see, for example, Refs 5,6) we know that, unlike lossless media, the waves transmitted into lossy media are, in general, inhomogeneous (also known as nonuniform), that is, their planes of constant phase and constant amplitude are not parallel. Since metamaterials are lossy media, it is reasonable to expect that light waves in them are also inhomogeneous. However, despite the fact that inhomogeneous waves in conducting media are well studied and discussed in some textbooks, as far as we know, there is no detailed studies of inhomogeneous waves in metamaterials. We have found only several publications where the authors discuss this issue.
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In Refs. 7 and 8 the inhomogeneous waves are mentioned only briefly. A little bit more information we found in Ref. 9 , where the authors reported numerical simulations of negative refraction in a metamaterial prism and slab. They showed that the waves refracted at the interface of a lossy metamaterial are, in general, inhomogeneous. Unfortunately, despite the fact that the authors of Ref. 9 consider negative refraction, the analytical expressions they obtained for a transmission angle correspond to a conventional conductive medium, and do not take into account specific features of metamaterials. In particular, the authors of Ref. 9 assumes that negative refraction takes place when a complex refractive index n (defined as n 2 = εµ, where ε is permittivity and µ is permeability) is negative. This criterion of negative refraction is taken for granted in the literature. [10] [11] [12] [13] [14] [15] However, the directions of the phase velocity and attenuation in an inhomogeneous wave propagating in a lossy medium depend on the incident angle, and therefore, the complex value n can not be interpreted as a refractive index anymore. 5, 6 As a result, the conditions of negative refraction based on a negative n should be reconsidered.
In this work we pursue two major objectives: First, we study in details the formation of inhomogeneous waves at the interface between two lossy metamaterials. Unlike standard textbooks and Ref. 9 in which the authors consider inhomogeneous waves at the interface where only one medium is lossy, we solve a more general problem where both media are lossy, and each of them, in addition to a complex permittivity ε, is characterized by a complex permeability µ. The obtained expressions for a refractive index and attenuation coefficient will be of interest for multilayer metamaterial structures. Second, we obtain the criterion of negative refraction which takes into account the inhomogeneity of transmitted waves. We show that for plane-parallel interfaces this criterion is equivalent to the recently reported one. 1 However, in a more complicated situations such as a tilted interface between two lossy media, the criterion of negative refraction becomes dependent on an incident angle. In particular, we show that negative refraction can be realized in conventional lossy materials if their interfaces are properly oriented.
II. GENERAL PROPERTIES OF INHOMOGENEOUS WAVES
Since structural elements of metamaterials have subwavelength dimensions, we can consider the whole metamaterial as a bulk medium with some effective complex permittivity ε = ε − iε and permeability µ = µ − iµ . Therefore, we can describe light propagating in metamaterials in terms of plane monochromatic waves whose electric E and magnetic H field vectors are given by E = ee i(ωt−k·r) , (1a)
where e and h are complex amplitude vectors, k and r are the wave vector and a position vector, respectively, with ω and t being the frequency and time. In a lossy medium, the traditional approach implies that the wave vector k is a vector with the complex amplitude, that is, k = n ω c0k , where n is traditionally called a complex refractive index withk being a real unit vector. However, Maxwell's equations admit a more general solution where the wave vector k is a complex vector, that is, k = k − ik , with k and k being real vectors. Following Ref. 5 , we call k the phase vector and k the attenuation vector. A surface of constant phase (amplitude) is the plane normal to k (k ) and defined by k · r = const (k ·r = const). If k and k are not parallel, such a wave is inhomogeneous, since the amplitude of the wave varies with position over the equiphase planes. Therefore, a solution by the traditional approach describes only homogeneous waves, that is, waves with parallel equiamplitude and equiphase planes (k k ), whereas the general solution describes inhomogeneous waves, that is, waves with an arbitrary angle between these planes (k k ).
Substituting the electric field vector E into Maxwell's equations, we find that the dispersion equation is independent of the inhomogeneity of the wave, and it reads
where c 0 = 1/ √ ε 0 µ 0 is the speed of light in vacuum, and the complex value n = n − in is defined as n 2 = εµ. For inhomogeneous waves we define the refractive index m through the length |k | of the phase vector as |k | = m ω c0 , and the attenuation coefficient m through the length |k | of the attenuation vector as |k | = m ω c0 . Such definitions retain the physical meaning of refractive index as a ratio of c 0 to the phase velocity, and attenuation coefficient as a distance at which the amplitude is reduced to 1/e times. Note that since both m and m are equal, up to a factor, to the length of a real vector, they are real and positive by definition. Therefore,
, and after separating the real and imaginary parts of Eq. (2), we obtain
where ϑ is the angle between k and k . Note that inhomogeneous waves with m = 0 can exist in lossless media (ε = µ = 0) if ϑ = 90
• in Eq. (3) , that is, k ⊥ k . For example, such kind of inhomogeneous waves describes total internal reflection, where a wave at the interface between two kinds of lossless media propagates along the boundary and attenuates in the direction perpendicular to the interface. Additionally, Eq. (3) says that n = m and n = m only if ϑ = 0
• , that is, k k (homogeneous damped waves). Thus for inhomogeneous waves (ϑ = 0
• ), the complex quantity n loses its traditional meaning of complex refractive index. Therefore, two natural questions occur: "How can we determine the refractive index and attenuation coefficient of an inhomogeneous wave in a lossy metamaterial?" and "How should we reinterpret the criterion of negative refraction that is believed to be n < 0?".
III. GENERALIZED LAWS OF REFLECTION AND REFRACTION
To answer those questions, we examine the formation of inhomogeneous waves at the interface between two lossy metamaterials which are characterized by complex permittivities and permeabilities. A simplified version of this problem, when inhomogeneous waves are studied at the interface between a lossless dielectric and a conducting medium characterized by a complex permittivity, can be found in some textbooks (see, for example, Ref. 5, 6) The problem similar to the one considered in this work was previously studied by Dupertuis et al. 16 However, to find the parameters of the transmitted wave by their method, one need to find a unique solution of a system of four nonlinear equations, which include multivalued inverse trigonometric and hyperbolic functions. In contrast, using a different parametrization of inhomogeneous waves, we can obtain direct expressions for the desired parameters without the above complications.
To find the solution of our problem, we use complex vectors -vectors whose components are complex numbers. Unlike real vectors, complex vectors do not specify any unique direction in space, and therefore, do not have any explicit geometric interpretation. The algebra of complex vectors obeys many of the rules known from the algebra of real vectors, but not all. In our calculations we use the following theorem: "All multilinear identities valid for real vectors are also valid for complex vectors."
17 Hereinafter we use this theorem to apply the identities from the algebra of real vectors for complex vectors.
We consider a plane interface between two lossy isotropic metamaterials. The first metamaterial is characterized by a complex permittivity ε 1 = ε 1 − iε 1 and permeability µ 1 = µ 1 − iµ 1 , while the second one by, respectively, ε 2 = ε 2 − iε 2 and µ 2 = µ 2 − iµ 2 . The incident wave with a complex wave vector k i comes from the first medium, and a real unit normal to the interfaceq points to the second medium (see Fig. 1 ). Using the identity
with α = i, r, and t, we write the complex wave vectors k i , k r , and k t of the incident, reflected, and transmitted
FIG. 1. (color online)
. Orientation of the phase and attenuation vectors of an inhomogeneous wave refracted at the interface (white plane) of two lossy isotropic metamaterials. The light blue (red) plane is the plane of incidence for the phase (attenuation) vectors.
waves as a sum of two components:
where
and q α = (k α ·q) are a complex vector and complex number, respectively. When the wave vectors k α are real, p α and q α are real, too, and there is an explicit geometric interpretation, namely, p α are the parallel to the interface components of k α and q α are projections of k α on the unit normalq. Therefore, hereinafter we refer to p α and q α as complex parallel components and complex projections, respectively. In Appendix A we show that complex parallel components p α are continuous across the interface, that is,
The wave vectors of the incident and reflected waves are the subject of the same dispersion equation, Eq. (2). Therefore, from Eq. (4) we obtain q
Since the solution q r = +q i leads to k r = k i which defines the incident wave, we have
The complex projection q t , in turn, is given by q
Finally, the wave vectors k i , k r , and k t are given by
and projections q r and q t can be found from Eqs. (6) and (7), respectively. For the most general case, all three wave vectors k α are complex, that is, k α = k α − ik α . Therefore, we can write the complex parallel components p = [q × [k i ×q]] and complex projections q α = (k α ·q) as, respectively, p = p − ip and q α = q α − iq α , where
Equating the real and imaginary parts in Eq. (8) we obtain two sets of equations, separately for the phase k α and attenuation k α vectors:
Equation (10) demonstrates the first remarkable feature of our solution, namely, the phase vectors k α and attenuation vectors k α , in general, lie in different planes (see Fig. 1 ). In other words, at the plane interface of two lossy isotropic metamaterials, there are, in general, two planes of incidence. The incidence plane for the phase (attenuation) vectors is a plane spanned by vectors k i (k i ) andq and specified by the normal
The presence of two incident planes results in two sets of equalities for the Snell's law, separately for the phase and attenuation vectors. To find these equalities we equate the magnitudes of the real and imaginary parts in Eq. (5), and then use the definitions of the refractive index m and the attenuation coefficient m . As a result we obtain the generalized Snell's law for the phase and attenuation vectors that reads as
where θ α and θ α are the angles between the unit normalq and the associated phase k α and attenuation k α vectors, respectively. First we consider the reflected wave, whose phase and attenuation vectors are given by Eq. (10b). Since q r = −q i and q r = −q i [see Eq. (6)], we obtain k
Therefore the lengths of k r and k r are equal to the length of k i and k i , respectively. This means that the refractive indices and attenuation coefficients of the incident and reflected waves are equal, that is, m r = m i and m r = m i . Therefore, from Eq. (11) we obtain sin θ r = sin θ i . Additionally, since q r = −q i is equivalent to (k r ·q) = −(k i ·q), we have cos θ r = − cos θ i . Thus sines of θ r and θ i are equal while their cosines have opposite sighs. This means that the reflection angle for the phase vector is θ r = π−θ i . Similarly, we find that the reflection angle for the attenuation vector is θ r = π − θ i . To conclude, the reflected wave has the same inhomogeneity with that of the incident wave so that m r = m i and m r = m i . In particular, if the first medium is lossless and the incident wave is homogeneous, then the reflected wave is also homogeneous even if the second medium is lossy.
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Now we examine the transmitted wave whose phase and attenuation vectors are given by Eq. (10c). In Eq. (10c) we need to determine the projections q t and q t , which are the real and imaginary parts of the complex projection q t = q t − iq t . Equation (7) does not allow us to uniquely determine the value of q t , since it is in the quadratic form. Standard textbooks choose a positive sign for q t , or equivalently q t = (k t ·q) > 0 and q t = (k t ·q) > 0, because the phase vector and consequently the phase velocity are outgoing from the interface only for this choice of sign. We know, however, that the phase velocity can be incoming towards the interface if negative refraction takes place. Thus a careful study is necessary to unambiguously determine the sign of q t . For this purpose we introduce a complex dimensionless parameter ξ = ξ − iξ defined as
For its real and imaginary parts, we find
ω 2 . Therefore, taking into account that q t and q t are real by definition, we obtain
Now we worry about the choice of the signs of q t and q t . First we express them as
where s = ±1 and s = ±1. Then, since ξ = 2q t q t c 2 0
Thus the signs s and s are the same if ξ > 0, and opposite if ξ < 0. Specific values of s and s can be selected only by applying an additional constraint, namely, the energy flux in the second medium must be directed away from the interface. Mathematically we write this constraint as P t ·q ≥ 0, that is, the projection of the timeaveraged Poynting vector P t of the transmitted wave on the interface normal must be non-negative.
To calculate the magnitudes of q t and q t by Eq. (13), we need to express ξ and ξ through some known values. To do so we substitute Eq. (7) into Eq. (12) and then separate the real and imaginary parts. As a result we obtain
Using Eq. (9a), we express the terms with p and p in Eq. (15) through the parameters of the incident wave:
where the angle ϑ i between k i and k i can be found from Eq. (3b) for the incident wave. Then we obtain
Having clarified the sign issue of the complex projection q t , we now turn to the refractive index m and attenuation coefficient m . From Eqs. (10c) and (13a) we have k
. Therefore, we obtain 
Equation (18) clearly shows that the refractive index m t and attenuation coefficient m t depend not only on the material properties of the second medium, but also on the incident angles θ i and θ i .
To summarize the results of this section, we write down the algorithm which one can use to find the parameters of the reflected and transmitted waves if the corresponding parameters of the incident wave are known:
(1) Define the refractive index m i , attenuation coefficient m i , and incident angles θ i and θ i of the incident wave. The phase and attenuation vectors of the incident wave are given by Eqs. (10a) and (9) .
(2) Then the refraction index m r and attenuation coefficient m r of the reflected wave are m r = m i and m r = m i , while the angles of reflection are given by θ r = π − θ i and θ r = π − θ i . The phase and attenuation vectors of the reflected wave can be found from Eq. (10b) where q r = −q i and q r = −q i .
(3) To find the parameters of the transmitted wave, first calculate ξ and ξ from Eq. (17) using the parameters of the incident wave [ϑ i can be found from Eq. (3b)]. Then find the refractive index m t and attenuation coefficient m t from Eq. (18) . With m t and m t calculate the transmission angles θ t and θ t from Eq. (11) . The phase and attenuation vectors of the transmitted wave are given by Eq. (10c), where the projections q t and q t are calculated by Eq. (13) . To find the signs of q t and q t , consider Eq. (14) with the additional constraint P t ·q ≥ 0, where P t is the time-averaged Poynting vector of the transmitted wave that should be calculated separately.
To conclude this section, we wish to say a few words about the validity as well as limitations of our model. It is known that at optical frequencies a permeability µ(ω) loses its usual physical meaning. 18 Agranovich et al. 19, 20 proposed a powerful alternative to the approach that involves both permittivity ε(ω) and permeability µ(ω). In their approach the linear response of a metamaterial is fully described by a spatially dispersive permittivity tensor ε ij (ω, k). However, they showed that, as long as the spatial dispersion is restricted to terms ∝ k 2 , the formal description of a metamaterial by ε(ω) and µ(ω) is adequate if an effective permeability is introduced, even if this permeability loses its meaning of a magnetic moment. Thus our model implies a weak spatial dispersion, and we should consider µ as an effective permeability that does not have a direct physical meaning. Interestingly, we have obtained that the refractive index and attenuation coefficient depend on an incident angle, and consequently, on a wave vector of the incident wave [see Eq. (18)]. Therefore, the description of metamaterials in terms of inhomogeneous waves includes the spatial dispersion which is described by Agranovich et al.
IV. SPECIFIC EXAMPLES OF INTERFACE PROBLEMS A. Single interface
As a first example, we consider a single interface where the first medium is a lossless dielectric (ε 1 = µ 1 = 0) and the second medium is a lossy metamaterial (see Fig. 2 ). We further assume that the incident wave is a homogeneous plane wave which is characterized by the real wave vector k i = k i (k i = 0 and m i = 0), refractive index m i = √ ε 1 µ 1 = n 1 , and incident angle θ i = θ i . According to Eqs. (9a) and (10c), the condition k i = 0 means that p = 0 and k t = q tq . As a consequence the transmission angle θ t = 0. Thus the attenuation vector k t of the transmitted wave is normal to the interface for any incident angle. In other words, equiamplitude planes of the transmitted wave are always parallel to the interface. From Eq. (17) we find
With these ξ and ξ we can calculate the refractive index m t and attenuation coefficient m t of the transmitted wave by Eq. (18) and then the transmission angle θ t by Eq. (11) . To find the relative orientation of k t and k t to the interface, we need to determine the signs of their projections q t and q t in Eq. (10c). In Appendix B we obtain Eq. (B4) that says that in any lossy medium the projection of an attenuation vector onto a time-averaged Poynting vector is always positive. In our case Eq. (B4) reads as k t · P t > 0, where P t is the time-averaged Poynting vector of the transmitted wave. By substituting k t from Eq. (10c) into Eq. (B4) and taking into account that p = 0, we find q t (P t ·q) > 0. Since the condition of energy flux to be directed away from the interface is P t ·q ≥ 0, we eventually find that q t must be positive. That is, the attenuation vector k t of the transmitted wave is outgoing from the interface. The condition q t > 0 means that we should choose s = +1 in Eq. (14) . As a result, we obtain that the sign s of the projection q t is given by s = sgn{ξ }. Thus, if ξ < 0 we have q t < 0 and the phase vector is incoming towards the interface, and hence negative refraction takes place. Therefore, the criterion of negative refraction is ξ < 0, which, according to Eq. (19b), is equivalent to ε 2 µ 2 + ε 2 µ 2 < 0. Thus we have rediscovered the well-known criterion for negative refraction, which implies negative ε 2 and µ 2 (Ref. 1).
We note that the angle ϑ t between k t and k t is equal to θ t , since θ t = 0. Therefore, if the condition of negative refraction is additionally satisfied, we find q t = (k t ·q) < 0 and θ t = ϑ t > 90
• . This means that, if negative refraction is realized, the angle between the phase and attenuation vectors of the inhomogeneous wave generated in the metamaterial is larger than 90
• [see Fig. 2(b) ]. In other words, negative refraction is recognized by the formation of an inhomogeneous wave with the obtuse angle between equiamplitude and equiphase planes.
Using the above argument, we can now clarify the relation between negative refraction and condition n < 0: At an angle ϑ > 90
• the cosine in Eq. (3b) becomes negative, which results in a negative n on the right hand side of the equation (n is positive in lossy media). In particular, in case of negative refraction at normal incidence ϑ = 180
• and cos ϑ = −1 in Eq. (3b). As a result, we find m = |n | and m = |n |. Therefore, in case of normal incidence the traditional approach with complex refractive index and the general one with inhomogeneous waves give the same absolute values for the refractive index and attenuation coefficient. In this case the choice between negative cosine and negative n is a matter of preference. However, if an incident angle is different from zero we expect an error in the predictions made by the traditional approach.
To be more quantitative we now assume that the first medium is vacuum and the second medium is the negative-index metamaterial reported as "structure 3" in Ref. 21 . To retrieve the permittivity and permeability of this metamaterial we have digitized the relevant data from Ref. 21 and then approximated it by the Drude model 1 using parameter fitting. 22 According to the retrieved parameters the value of ξ is negative in the spectral region between 710 nm and 800 nm irrespective of the incident angle. Figures 3(a)-3(c) show the change of m t , m t , and θ t , calculated by Eqs. (18) and (11), as functions of the wavelength and the incident angle θ i . At normal incidence, as was mentioned before, the spectral dependencies of m t and m t (black curves in Fig. 3) reproduce the absolute values of the corresponding experimental data from Ref. 21 . For example, the spectral dependence of m t at normal incidence is the modulus of a well-known bell-gap shape which one usually observes in experiments (see Fig. 3 in Ref. 21) . We see that both m t and m t increase as θ i increases. From Fig. 3(b) we find that the absorption is minimum at θ i = 0
• . Interestingly, as θ i increases from zero, the transmission angle θ t approaches 90
• very quickly, which means that k t becomes nearly parallel to the interface [see Fig. 3(c)] .
Unfortunately, at incident angles different from zero, we can not directly compare the above example with the experimental data, since the metamaterial in Ref. 21 is anisotropic. Instead, we consider m t , m t , and θ t shown on Fig. 3 as the characteristic parameters of some hypothetical isotropic metamaterial for which permittivity and permeability can be represented by the Drude model. Since the majority of existing metamaterials are highly anisotropic, the existence of such isotropic metamaterial may raise questions. However, the first isotropic metamaterials were fabricated very recently.
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The isotropic metamaterial reported by Xu et al.
4 is designed to demonstrate all-angle negative refraction at the ultraviolet wavelength λ = 363.8 nm. They experimentally showed that the refractive index of their metamaterial depends on an incident angle. Unfortunately for us, what they measured is a power refractive index determined by a Poynting vector. Since the phase vector and time-averaged Poynting vector in inhomogeneous waves have different directions (see Appendix C), we can not directly compare our theory with the result by Xu et al. However, in the supplementary material to Ref. 4 we find an angle dependence of the refractive index for a phase vector. This refractive index is denoted as n m,eff and obtained by FDTD simulations. Figure 1 in the supplementary material (in what follows we refer to this figure as Fig. S) shows the refractive index n m,eff , the effective permittivity ε eff , and permeability µ eff as functions of the incident angle θ i . To make a comparison with our theory, we digitized this figure. However, for a correct comparison we need to interpret the data on Fig. S in a right way. We note that only at normal incidence we can neglect the angle dependence of the metamaterial parameters. Therefore, to obtain the permittivity ε and permeability µ that we use in our formulas we take the values of ε eff and µ eff that correspond to θ i = 0: ε = −0.39 − i0.72, µ = −1.06 + i0.69. Next, in Fig S we see that the real part of n m,eff is negative. We consider this negativeness as the misinterpretation when the negative sign of cosine in Eq. (18) is transfered on the refractive index. Therefore, we need to compare the refractive index calculated by Eq. (18) with the absolute value of n m,eff . The result of this comparison we show in Fig. 4 . We see a very good agreement between m t and the real part of n m,eff . Thus we can conclude that our theory gives a good estimation for the refractive index retrieved from FDTD simulations. Unfortunately, the attenuation coefficient m t and the imaginary part of n m,eff demonstrate qualitatively different behavior as θ i increases, namely, m t increases while {n m,eff } decreases. We believe that this difference probably can be explained by the wrong choice of a solution brunch during the parameters retrieval procedure in FDTD simulations. One of the indirect arguments for such explanation is that the decreasing attenuation vector is in a poor agreement with the fact that the the absorption of a wave in a lossy slab is minimum at normal incidence.
B. Plane-parallel slab
As a second example we consider a plane-parallel slab of a lossy metamaterial surrounded by a lossless dielectric (see Fig. 5 ). The dielectric is characterized by the permittivity ε 1 and permeability µ 1 , while the metamaterial is by ε 2 and µ 2 . The wave vectors of the waves incident, transmitted to the slab, and outgoing from it we denote by k 1 , k 2 , and k 3 , respectively. The incident wave is homogeneous and characterized by the refractive index m 1 = √ ε 1 µ 1 = n 1 , attenuation coefficient m 1 = 0, and incident angle θ 1 . Then for k 2 we obtain the same result as for k t in the previous section. To find the wave vector k 3 that is outgoing from the slab, we consider k 2 as the wave vector of the incident wave at the second interface. Since both interfaces are parallel, their unit normals are equal and the transmission angles θ 2 and θ 2 = 0 for the first interface are equal to the incident angles for the second one. Therefore, by referring to Eq. (17b) and taking into account that ε 1 = µ 1 = 0,
, and m 2 sin θ 2 = n 1 sin θ 1 , we find that the parameter ξ = ξ − iξ for the second interface is given by
Equation (20) says that sgn{ξ } = +1, which means that, irrespective of the refraction type at the first interface, refraction at the second interface is always positive. Substituting Eq. (20) in Eq. (18) we find that the wave outgoing from the slab is homogeneous with the refractive index m 3 = n 1 and attenuation coefficient m 3 = 0. As a result, the transmission angle is θ 3 = θ 1 and k 3 = k 1 . Thus the wave transmitted through the two interfaces and the incident wave are exactly the same in terms of the wave vectors, which is in full agreement with the related discussions in the standard textbooks.
C. Metallic prism
In the section III we have shown that the sign of ξ parameter determines how the phase and attenuation vectors of the transmitted wave are oriented relative to the interface [see Eq. (14)]. In particular, for a single interface and plane-parallel slab, we have shown that, if ξ < 0, then the phase vector of the transmitted wave points towards the interface. That is, ξ < 0 is the criterion of negative refraction.
According to Eq. (17b), in general, ξ consists of two terms. The first term is associated with the material properties of a medium below the interface, while the second one depends on the incident angles and thus associated with the geometry of the problem. Hereinafter we will refer to the first and second terms of ξ in Eq. (17b) as the material and geometric terms, respectively. We have already seen that, for a single interface and planeparallel slab, the geometric term is zero. Since the sign of ξ affects the criterion of negative refraction, we expect that this criterion will change if we manage to find a problem where the geometric term is nonzero. The reason why the geometric term is zero for a single interface and plane-parallel slab is that the attenuation vectors in these cases have zero parallel component p [see Eq. (15b)]. Since the parallel components of the attenuation vectors must be continuous across the interface [see Eq. (5)], it becomes clear that p = 0 in any problem where interfaces are mutually parallel. This follows from the following simple arguments. The attenuation vector of any incident wave coming from a lossless medium is zero and therefore has a zero parallel component. To also have a zero parallel component, the attenuation vector of the transmitted wave must be perpendicular to the interface, and so on for any number of plane-parallel in- ε3   FIG. 6. (color online) . The metallic prism lying on the semiinfinite surface of another metal and surrounded by vacuum. The incoming wave is incident normally on the first prism interface. The phase and attenuation vectors are marked by the blue and red, respectively. At this stage the orientation of the phase and attenuation vectors in the underlying metal is unknown and indicated only schematically.
terfaces. Thus, to obtain a nonzero geometric term, we need to consider a problem where an incident wave has a nonzero attenuation vector that is tilted relative to the interface. One of the easiest examples of such problem is a lossy prism (see Fig. 6 ), where the attenuation vector of the wave transmitted through the first prism interface forms the angle ψ -equal to the prism angle -with the second prism interface. As a result the parallel component of the attenuation vectors at the second prism interface become nonzero. Accordingly the corresponding geometric term is also nonzero. If in addition, we want to obtain negative refraction at the exit of the prism, the medium below the second prism interface must be lossy. Otherwise negative refraction will be impossible, since in lossless media the Poynting and phase vectors are co-directional and the Poynting vector is necessarily directed away from the interface.
As the simplest example of the desired problem, we consider a metallic prism lying on a semi-infinite surface of another metal (see Fig. 6 ) and surrounded by vacuum. The prism and underlying metal are characterized by the complex permittivities ε 2 = ε 2 − iε 2 and ε 3 = ε 3 − iε 3 , respectively, and permeabilities µ 2 = µ 3 = 1. The homogeneous incident wave comes normally from vacuum to the first prism interface. This wave is characterized by a real wave vector k 1 , zero attenuation vector k 1 , refractive index m 1 = 1, attenuation vector m 1 = 0, and incident angle θ 1 = 0.
Using the algorithm presented in the end of the section III, we find that the wave transmitted through the first prism interface is characterized by the complex wave vector k 2 = k 2 − ik 2 with the phase k 2 and attenuation k 2 vectors perpendicular to the interface; refractive index m 2 = n 2 and attenuation coefficient m 2 = n 2 , where n 2 and n 2 are given by n 2 = n 2 − in 2 = √ ε 2 ; and transmission angles θ 2 = θ 2 = 0. Since ξ parameter for the first interface has the imaginary part ξ = ε 2 > 0 [see Eq. (19b)], refraction at this interface is always positive.
If we are interested only in the principal ray, then at the second prism interface we can formulate the following problem (see Fig. 7 ): The incident wave is characterized by the complex wave vector k i = k i − ik i with the zero angle ϑ i between k i and k i ; refractive index m i = n and attenuation coefficient m i = n , where n and n are given by n = n − in = √ ε 2 ; and incident angles θ i = θ i = ψ, where ψ is the prism angle. We seek to find the orientation of the phase k t and attenuation k t vectors of the transmitted wave relative to the interface. According to Eq. (17), the parameter ξ = ξ − iξ for the considered interface is given by ξ = ε 3 − (m 2 i − m 2 i ) sin 2 ψ and ξ = ε 3 − 2m i m i sin 2 ψ, or taking into account Eq. (3), by
where ξ has the geometric term −ε 2 sin 2 ψ which is nonzero and negative for any nonzero prism angle ψ.
As we have shown, the directions of k t and k t relative to the interface are specified by the sign of ξ [see Eq. (14)]. For example, when ξ is such that the sign s of the projection q t = (k t ·q) is negative, then k t is directed towards the interface, and hence negative refraction takes place.
According to Eq. (21), ξ is positive if
and negative otherwise. Using the criterion from Eq. (22) and Eq. (14), we divide all possible orientations of k t and k t into the following cases (see Fig. 7 ): (A) sin 2 ψ ≤ ε 3 /ε 2 and s = s = +1. Both k t and k t are directed away from the interface. Refraction is positive.
(B) sin 2 ψ ≤ ε 3 /ε 2 and s = s = −1. Both k t and k t are directed towards the interface. Refraction is negative.
(C) sin 2 ψ > ε 3 /ε 2 and s = +1 while s = −1. Vector k t is directed away from the interface, while k t points towards the interface. Refraction is positive.
(D) sin 2 ψ > ε 3 /ε 2 and s = −1 while s = +1. Vector k t is directed towards the interface, while k t points away from the interface. Refraction is negative.
It might seem strange that the attenuation vector in some of the cases points towards the interface. However, this merely reflects the fact that the thicker part of the prism absorbs more.
Which of the cases (A)-(D) is realized depends on the additional condition that demands the time-averaged Poynting vector P t of the transmitted wave to be directed away of the interface. Since at the considered interface the parallel component of k t is nonzero, we can not apply the inequality from Eq. (B4) anymore in order to uniquely determine the sign of q t . Instead, we need to find an expression for P t and consider which of the cases (A)-(D) do not violate the inequality P t ·q ≥ 0. To simplify the argument, we assume that the incident wave is p-polarized, that is, in Fig. 6 the electric field vector of the wave incident on the first prism interface is parallel to the plane spanned by vectorsq 1 andq 2 . We additionally assume that the frequency of the waves is less than the plasma frequency of the underlying metal, that is, ε 3 < 0. In Appendix C we show [see Eq. (C6)] that for p-polarized light the condition P t ·q ≥ 0 is equivalent to ε 3 q t + ε 3 q t ≥ 0. Taking into account that q t = s |q t | and q t = s |q t | while ε 3 < 0 and ε 3 > 0, we can rewrite the latter inequality as
Equation (23) is a necessary and sufficient condition for the energy flux in the underlying metal to be directed away from the interface. Thus we need to find under which conditions the cases (A)-(D) do not violate the inequality from Eq. (23) . Consider each of the cases separately: (A) sin 2 ψ ≤ ε 3 /ε 2 and s = s = +1, then from Eq. (23) we have −|ε 3 ||q t | + |ε 3 ||q t | ≥ 0 or
(B) sin 2 ψ ≤ ε 3 /ε 2 and s = s = −1, then from Eq. (23) we have |ε 3 ||q t | − |ε 3 ||q t | ≥ 0 or
(C) sin 2 ψ > ε 3 /ε 2 and s = +1 while s = −1, then from Eq. (23) we have −|ε 3 ||q t | − |ε 3 ||q t | ≥ 0, that is, this case is never realized.
(D) sin 2 ψ > ε 3 /ε 2 and s = −1 while s = +1, then from Eq. (23) we have |ε 3 ||q t | + |ε 3 ||q t | ≥ 0, that is, this case is always realized.
Thus we have found that, if the prism angle ψ is such that sin 2 ψ ≤ ε 3 /ε 2 , then cases (A) and (B) can be realized, if, respectively, conditions from Eqs. (24) and (25) are fulfilled. Otherwise, if ψ is such that sin 2 ψ > ε 3 /ε 2 , then only case (D) is realized.
In the above we have pointed out that cases (B) and (D) corresponds to negative refraction at the second prism interface. In case (B) negative refraction is realized if both conditions from Eqs. (22) and (25) are fulfilled. Since usually in metals ε 3 ε 3 , the condition from Eq. (25) can be realized only if ξ in its righthand side is negative. According to Eq. (21), ξ is negative if sin 2 ψ > ε 3 /ε 2 . Combining the latter inequality with Eq. (22), we find that the necessary but not sufficient condition of negative refraction in case (B) is ε 3 /ε 2 ≥ sin 2 ψ > ε 3 ε 2 . In case (D) the criterion of negative refraction is much simpler; namely, the prism angle ψ must satisfy the condition
According to Eq. (26), to realize negative refraction in case (D), the losses in the prism must be higher than that in the underlying metal, i. e., ε 2 > ε 3 . To give a quantitative example, we assume that the prism is made of aluminum, while the underlying metal is silver. Figure 8 shows the angle ψ = arcsin( ε 3 /ε 2 ) as a function of the wavelength λ, where ε 2 (λ) and ε 3 (λ) are the imaginary parts of the permittivities for silver and aluminum, respectively. According to Eq. (26), negative refraction is realized for any prism angles ψ that lie above the red curve in Fig. 8 . As we see, the prism angles must exceed 7
• -8
• in order to observe negative refraction. To conclude this section, we have shown that the negative refraction can be realized in conventional lossy media, if their interfaces are properly oriented. We note that negative refraction of energy flux has already been reported for conventional anisotropic media [24] [25] [26] and predicted for bulk metals. 8, 27 In these works negative refraction takes place only for a Poynting vector, while a phase velocity refracts always positively. However, in this work we report about negative refraction of a phase velocity, which must be distinguished from the latter case.
V. CONCLUSIONS
In conclusion we have studied the formation of inhomogeneous waves at the interface of a lossy metamaterial. We have shown that negative refraction is accompanied by the formation of inhomogeneous waves with the obtuse angle between the equiphase and equiamplitude planes. Moreover, we have shown that the refractive index and attenuation coefficient of a lossy metamaterial depend on the incident angle. We have obtained the criterion of negative refraction which takes into account the inhomogeneity of waves generated in lossy metamaterials. We have shown that for plane-parallel interfaces this criterion is equivalent to the recently reported one and requires negative permittivity and permeability. However, in a more complicated situations, such as a tilted interface between two lossy media, the criterion of negative refraction becomes dependent on an incident angle. In particular, we have shown that negative phase refraction can be realized even in conventional lossy materials if their interfaces are properly oriented.
In a lossy medium the right-hand side of Eq. (B3b) is always positive Therefore, the projection of k onto P is also always positive:
According to Eq. (B3b), vectors k and P are perpendicular in a lossless medium where ε = µ = 0.
Appendix C
In this Appendix we obtain the expression for the timeaveraged Poynting vector of p-polarized wave in a lossy medium. Also we find the condition under which the energy flux is directed away from an interface.
Using Eq. (1) we can write a complex time-averaged Poynting vector S = 
where " * " denotes complex conjugate. In Appendix D we show that, despite the fact that there are two incident planes in our problem, the complex amplitude vector e can be still represented as a sum of s-and p-polarized components [see Eq. (D2)]: 
In case of p-polarization, when A ⊥ = 0, we have
Taking the real part of S we obtain a real time-averaged Poynting vector P for the p-polarized light:
where s = [k ×q] and s = [k ×q] are the normals to the planes of incidence for phase and attenuation vectors, respectively. Note that vectors P and k are noncollinear, that is, the directions of energy flux and phase velocity are different. From Eq. (C4) we find that the projection of P on the interface normalq is given by:
where q = (k ·q) and q = (k ·q). Since the factor in front of the brackets in the right-hand side of Eq. (C5) is always positive, we find that the condition P p ·q ≥ 0 is equivalent to ε q + ε q ≥ 0.
Equation (C6) is the condition under which the energy flux of p-polarized wave is directed away from the interface.
Appendix D
Due to linearity of Maxwell equations and boundary conditions, both incident and transmitted waves can be represented as a sum of perpendicular and parallel to the plane of incidence components, also known as, respectively, s-and p-polarized components (or TE and TM components). Then the solution of the general problem is represented as a sum of a more simple solutions for s-and p-polarized components. However, as we have already seen in the section III, at the interface between two lossy media there are two incidence planes, namely, for the phase and attenuation vectors (see Fig. 1 ). Therefore it becomes unclear is there a way to decompose the waves into s-and p-polarized components or not.
The aim of this Appendix is to show that, regardless of the above uncertainty, it is still possible to introduce the analog of the s-and p-polarized components, despite the fact that these components lose their initial geometric interpretation. In what follows we consider the notations of the problem formulated in the section III.
Let us define a complex vector s = k i ×q. In case of the lossless first medium this vector represents the normal to the incidence plane spanned by real vectors k i andq. According to Eq. (5), we have s = k i ×q = k r ×q = k t ×q.
Using vector s we can write the following identity for the complex amplitude vectors e α of the incident, reflected, and transmitted waves:
At the interface of lossless media the first and second terms in Eq. (D1) correspond to s-and p-polarized components of e α , respectively. In what follows we will keep
